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The binary black holes (BBHs) formed near the supermassive black holes (SMBHs) in the galactic
nuclei would undergo eccentricity excitation due to the gravitational perturbations from the SMBH
and therefore merger more efficiently. In this paper, we study the coupling of the three body 1st
post-Newtonian (pN) effects with the spin effects from the SMBH in the hierarchical triple system.
The three body 1pN effects yielding the de-Sitter precession is usually decoupled in the secular
dynamics, while it couples to the spin of SMBH through the Lense-Thirring precession of the outer
orbital plane. This coupling includes both the precessions of the inner orbit angular momentum
and the Runge-Lenz vector around the outer orbit angular momentum in a general reference frame.
Our general argument on the coupling of the three body 1pN effects in three body systems could
be extended to any other situation as long as the outer orbital plane evolves.
I. INTRODUCTION
The first detection of gravitational wave (GW) from
a merger event of a binary black hole (BBH) by
LIGO/Virgo[1] in 2015 showed the tremendous success
of general relativity (GR) and opened an era of gravita-
tional wave astrophysics. Up to now, the LIGO-VIRGO
collaboration observed eleven gravitational wave signals
from compact binary mergers during the first and second
runs (O1 and O2) [2], and the third observation run (O3)
is undergoing since April 2019 [3]. The ground-based de-
tectors mainly focus on the merger and ringdown phase
of GW sources which is characterized by a frequency of
10Hz to 1000Hz and a strain of order 10−22, currently we
have five of them [4–7].
The space-based detector Laser Interferometer Space
Antenna (LISA) is expected to explore the lower fre-
quency GW sources with frequency range 10−4 Hz to
1 Hz and characteristic strain of order 10−21 [8]. The
DECi-hertz Interferometer Gravitational wave Observa-
tory (DECIGO) is aiming to fill the gap between LIGO
and LISA with frequency band around 10−2 Hz to 10 Hz
[9]. There are several other big projects on the space de-
tectors in the future: advanced LISA (aLISA) [10], Tian-
Qin and Taiji in China [11, 12]. The space and ground
based gravitational wave detectors could cover all the
inspiral-merger-ringdown phase of compact binaries. The
observations of GWs enable us to figure out the binary
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formation channels (see e.g. [13, 14]), test the validity of
GR in the strong-field regime (see e.g. [15–17]), and shed
light on the gravitational wave astrophysics [18–21].
The origin of the LIGO/Virgo BBHs is a mystery. Con-
ventionally, they are believed to be formed as the rem-
nant of massive binary stars or they are formed dynami-
cally in the star clusters [22]. While according to the re-
cent studies, the centers of galaxies [23], especially those
hosting supermassive black holes (SMBHs) [24] are also
important places for BBHs to form. In these environ-
ments, the merger rate of BBHs could be enhanced to
a significant fraction of the LIGO/Virgo event rate due
to the complex astrophysical dynamics [25–34]. And a
fraction of the BBHs in galaxy centers could either form
at [31–33, 35, 36] or be captured to places very close to
the SMBHs [37, 38].
The BBH formed near the SMBH composes a stable
hierarchical triple system. Here, we call it the "SMBH-
BBH" triple system, where the BBH as the inner binary
and their center of mass revolving around the SMBH at a
larger outer orbit. The BBH is perturbed by the SMBH,
and the dominant Newtonian quadrupole perturbation
causes the “Kozai-Lidov" oscillation [39–41] on the BBH
orbit. The Kozai-Lidov oscillation is described by the
exchange between the inner orbital eccentricity and the
inclination angle, as a result of the interaction between
the inner and the outer orbit angular momentum.
The general relativistic effects are proved to be im-
portant in the secular evolution of three body systems.
The relativity precession of the inner orbital pericenter
is known to suppress the Kozai-Lidov oscillation [41, 42]
if the time scale of the former is shorter than the later.
And the gravitational radiation is known to circularize
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2and shrink the binary orbit [42, 43]. These two effects are
resulted from binary post-Newtonian (pN) interactions.
The three body pN effects come from the interactions
between three bodies at pN orders which are considered
in [44–47]. Naoz et al. [44] found there is a resonant
eccentricity excitation behavior in three body pN dy-
namics under some parameter space by conducting an
orbit-averaged three body 1pN Hamiltonian, though, the
Hamiltonian approach dose not resolving the full three
body pN effects which is stated in [45, 47]. Will points
out that to find the full solution to the problem of secular
evolution with quadrupole and 1PN effects together, the
cross terms in the acceractions [45] and a multiple-scale
analysis to account for the corrections of the periodic
effects are needed [46]. When the mass of the inner bi-
nary is relatively small, it is found in [47] there are three
dominant three body pN effects, where the main effect is
the de Sitter precession [54] which comes directly from
the accelerations. The above works either consider the
three body systems at 1pN order or assume Schwarzschild
black holes. In these cases, the outer orbital plane is
nearly a constant, while our recent studies [48, 49] show
that when it comes to a three body system where the
third body is a spinning SMBH, the outer orbital plane
will precess due to the spin of the SMBH. As a result, the
secular dynamics will depend on the angle between the
two orbital line of nodes (Ω− Ω3), thus lead to different
evolutionary behaviors.
The observations indicate that the SMBHs are uni-
versally spinning [50, 51]. We find in [48] the spin effects
from the SMBH will modulate the Kozai-Lidov oscillation
by causing a Lense-Thirring precession on the outer orbit
as well as an another precession on the inner orbit, and
derived a generalized Kozai-Lidov formula which could
include the evolving outer orbital plane. Afterwards, Liu
and Lai [52] noticed that the de-Sitter precession of the
inner orbit also becomes important when combined with
the Lense-Thirring precession of the outer orbit. How-
ever, in Liu and Lai’s consideration, they only added the
precession of the inner orbit angular momentum around
the outer orbit one which we point out in this work is
just a part of the de-Sitter precession in this case.
In this work, we study the secular dynamics of the
SMBH-BBH triple systems up to 1.5pN order, especially
the coupling of the three body 1pN effects with the spin
effects from the SMBH. We resolve the three body 1pN
effects start from the Einstein-Infeld-Hoffmann equations
of motion [53], which causes the de-Sitter precession on
the inner orbit. The de-Sitter precession only has a pre-
cession on the inner orbital longitude of ascending node
Ω seen from a reference frame set on a constant outer
orbital plane, is decoupled in the standard Kozai-Lidov
formula where the dependence on Ω is vanished. Since
the spin effects from the SMBH would cause the outer
orbital plane to precess, the generalized kozai-Lidov for-
mula in this case will depend on the relative angle of
nodes (Ω− Ω3)[48], thus the de-Sitter precession will be
coupled in the secular dynamics. We point out in this
work that this coupling includes both the precession of
the inner orbit angular momentum and the Runge-Lenz
vector around the outer orbit angular momentum in a
general reference frame where the Z axis is not set to the
outer orbit angular momentum due to the Lense-Thirring
precession. As a whole result, the maximal eccentricity
excited by the Kozai-Lidov oscillation is evolving at the
Kozai-Lidov timescale due to the change of the vertical
inner orbit angular momentum, which is only caused by
the spin of the SMBH in our considerations. The char-
acteristics coded in the GWs of BBHs could be poten-
tially used to probe the existence of BBHs near a spin-
ning SMBH, or to probe the spin parameters of SMBHs.
This paper is organized as follows. We calculate the
equations of motion in section II. In subsections IIA and
IIB, we analysis the Newtonian quadrupole order, full
1pN order and the 1.5pN order equations of motion. In
section III we calculate systematically the three body
1pN order effects in a general reference frame and discuss
the connections between the secular equations of motion
listed in section II. We present our numerical results in
section IV. In subsection IVA, we show numerical results
of the general relativity effects calculated and considered
in this work. And in subsection IVB, we show typical
characteristics on GW singles due to spin effects. We
conclude our paper in section V.
Throughout this paper we use the natural units with
c = G = 1 in our calculations.
II. EQUATIONS OF MOTION UP TO 1.5PN
ORDER
A. Full 1pN dynamics
We now consider a hierarchical three-body system in
which the binary bodies of mass m1 and m2 are in a close
orbit with separation r, their center of mass revolving
around a SMBH of mass m3 at a much larger distance
R( r). We define the relative separation vector of the
binary system and the vector from the center of mass of
the binary to the SMBH by
x ≡ x1 − x2 , X ≡ x3 − x0 , (1)
where
x0 ≡ m1x1 +m2x2
m
, (2)
is the center of mass of the inner binary, and m ≡ m1 +
m2. We work in the center of mass-frame of the entire
system, thus,
m1x1 +m2x2 +m3x3 = mx0 +m3x3 = 0 , (3)
where we have ignored the post-Newtonian corrections
to the center of mass. Then, the positions of the three
bodies are,
x1 =
m2
m
x+
m3
M
X, x2 = −m1
m
x+
m3
M
X, x3 = −m
M
X,
(4)
3where M = m1 + m2 + m3 is the total mass. Since the
mass of SMBH is much larger than the binary system,
with m3  m, the center of mass frame of the entire
system is set to the position of m3. Thus Eq. (4) is
simplified to
x1 =
m2
m
x+X, x2 = −m1
m
x+X, x3 = 0, (5)
We also define the velocities v ≡ dx/dt, V ≡ dX/dt,
accelerations a ≡ dv/dt, A ≡ dV /dt, distances r ≡ |x|,
R ≡ |X|, and unit vectors n ≡ x/r, N ≡X/R.
The accelerations are directly computed with the post-
Newtonian N-body equations of motion, which is com-
monly referred to as the Einstein-Infeld-Hoffman equa-
tions of motion [53]:
aa = −
∑
b6=a
mbxab
r3ab
+
∑
b6=a
mbxab
r3ab
[
4
mb
rab
+ 5
ma
rab
+
∑
c 6=a,b
mc
rbc
+ 4
∑
c6=a,b
mc
rac
−1
2
∑
c 6=a,b
mc
r3bc
(xab · xbc)− v2a + 4va · vb − 2v2b +
3
2
(vb · nab)2
]
−7
2
∑
b 6=a
mb
rab
∑
c 6=a,b
mcxbc
r3bc
+
∑
b 6=a
mb
r3ab
xab · (4va − 3vb)(va − vb) , (6)
where rab = |xab| = |xa − xb|, nab = xab/rab, va = dxa/dt, and a, b, c denotes 1, 2, 3.
The inner binary acceleration could be decomposed as follows,
a = −mn
r2
− m3 r
R3
[n− 3(n ·N)N ] + [a]binary1pN
+[a]3body1pN +O
(mm3
R3
)
+O
(
m3
2r
R4
)
+O
(
m2r
r3R
)
+ ... , (7)
where we have expanded the Newtonian perturbation term from the third body to quadrupole order. And [a]binary1pN
is the 1pN order acceleration of the binary system (m1 and m2), while [a]3body1pN is the 1pN order acceleration
contribute by the three body interactions. To leading order, they are
[a]binary1pN =
mn
r2
[
(4 + 2η)
m
r
− (1 + 3η)v2 + 3
2
η(n · v)2
]
+ (4− 2η)m(n · v)v
r2
, (8)
[a]3body1pN =
5mm3n
r2R
+
m
r2
{[ 3
2
(n · V )2 − 2∆ v · V + V 2]n−∆(n · V )v}
+
m3
R2
[
4v ·N(V −∆ v) + (∆ v2 − 2v · V )N + 4(V ·N)v]
+
∆mm3
2rR2
[9(n ·N)n−N ], (9)
where η = m1m2m2 , ∆ =
m1−m2
m . We only keep the dominant terms in [a]3body1pN which are combined of
m
r2 or
m3
R2 with
v2(∼ mr ), V 2(∼ m3R ), or v · V .
We treat the acceleration of the outer binary as the similar way:
A = −MN
R2
+
3
2
Mηr2
R4
[
N
(
1− 5(n ·N)2)+ 2n(n ·N)]+ [A]binary1pN
+[A]3body1pN +O
(mm3
R3
)
+O
(
m3
2r
R4
)
+O
(
m2r
r3R
)
+ ... , (10)
where
[A]binary1pN =
m3N
R2
(
4m3
R
− V 2) + 4m3
R2
(V ·N)V , (11)
[A]3body1pN =
ηmn
r2
{∆ m
r
− 3(n · v)(n · V ) + ∆[3
2
(n · v)2 − v2] + 2v · V }
4+
ηmv
r2
(2 n · V −∆ n · v) + ηm3
R2
[4(v ·N)v − v2 N ]
+
ηmm3
rR2
[N − 4(n ·N)n], (12)
The first terms in Eq. (7) and (10) are the leading New-
tonian gravitational force which form the Kepler orbit
of the inner and outer binary, and the rests in Eqs. (7)
and (10) are all treated as perturbations. The second
terms are the Newtonian quadrupole forces which cause
the Kozai-Lidov oscillation [55]. The binary 1pN accel-
eration contains the standard terms for a body in orbit
around a point mass m (or m3). The three body 1pN
accelerations comes from the leading three body interac-
tions at 1pN which results the de-Sitter precession as will
be seen in the section III.
B. 1.5 pN dynamics from the spin of the SMBH
In the previous paper [48, 49], we studied the spin
effects from the SMBH on the dynamical evolution of
a nearby BBH. In the SMBH-BBH triple system, the
gravitational potential is dominated by the mass of the
SMBH which contributes the electrical part of dynamics.
And similarly, for a relatively large spin parameter of the
SMBH, its spin angular momentum will dominant the to-
tal angular momentum of this system which contributes
the magnetical part of the dynamics [48, 49, 56]. The
spin of the SMBH will induce a strong gravitomagnetic
field (denoted as H) in its spacetime. The BBH move
close to the rotating SMBH will feel the gravitomagnetic
froce va ×H [56, 57], and the field H is related to the
spin momentum S as
H = ∇× (−2S × r
r3
), (13)
where S = am3s, a/m3 is the dimensionless spin param-
eter, s is the spin direction vector, and r here denote a
general direction of position.
Decomposing the gravitomagnetic force into the inner
and outer orbit equation of motion, the accelerations are
dominated by [48]
a[1.5PN,spin] ' 2am3v × (eZ − 3(eZ ·N)N)
R3
, (14)
A[1.5PN,spin] ' 2am3V × (eZ − 3(eZ ·N)N)
R3
, (15)
The force in (15) causes the Lense-Thirring precession
of the out orbit while the force in (14) causes another
precession on the inner orbit which is listed in the next
section.
III. SECULAR EVOLUTION OF THE ORBIT
ELEMENTS
We are interested in the secular evolutions which are
left after a complete evolution of the inner and outer
orbit. This is obtained by average the Lagrange plan-
etary equations over the period of the inner and outer
orbital (see e.g. [58]). We denote the inner and outer
orbits with the time-dependent osculating orbital ele-
ments {p, e, ω,Ω, ι} and {P,E, ω3,Ω3, ι3} respectively.
See Fig. 1 for details. The positions and velocities of
each orbit are defined in terms of the orbital elements as
r = pn/(1 + e cos f),
v =
√
m
p
[
e sin f n+ (1 + e cos f)λ
]
,
R = PN/(1 + E cosF ),
V =
√
M
P
[
E sinF N + (1 + E cosF )Λ
]
, (16)
where the bases (n,λ,h) and (N ,Λ,H) are defined on
the inner and outer orbital plane which are related to the
reference frame (eX , eY , eZ) by Euler angles [58]:
n = [cos Ω cos (ω + φ)− cos ι sin Ω sin (ω + φ)]eX
+[sin Ω cos (ω + φ) + cos ι cos Ω sin (ω + φ)]eY
+ sin ι sin (ω + φ)eZ ,
λ =
dn
dφ
, h = n× λ, (17)
N = [cos Ω3 cos (ω3 + Φ)− cos ι3 sin Ω3 sin (ω3 + Φ)]eX
+[sin Ω3 cos (ω3 + Φ) + cos ι3 cos Ω3 sin (ω3 + Φ)]eY
+ sin ι3 sin (ω3 + Φ)eZ ,
Λ =
dN
dΦ
, H = N×Λ. (18)
And the semi-major axis for the inner and outer orbits
are respectively α = p(1− e2) and A = P (1− E2).
We difine the perturbing accelerations as δa = a+ mr2 n
and δA = A + m3R2 N. The orbits are perturbed from
Kepler orbit. Take the the inner orbit for example, the
equation of motion is govern by
dh
dt
= r × δa, mdQ
dt
= δa× h + v × (r × δa), (19)
where h ≡ r × v = √mph, and Q is the Runge-Lenz
vector which is defined by Q ≡ v × h/m−n = e(cosφn−
sinφλ).
The equations of motion of orbital elements are ob-
tained by resolving the equations in (19) as,
dp
dt
=2
√
p3
m
S
1 + e cosφ
,
5de
dt
=
√
p
m
(sinφ R+ 2 cosφ+ e+ ecos
2 φ
1 + e cosφ
S),
d$
dt
=
1
e
√
p
m
(− cosφ R+ 2 + e cosφ
1 + e cosφ
sinφ S),
dι
dt
=
√
p
m
cos (ω + φ)
1 + e cosφ
W,
sin ι
dΩ
dt
=
√
p
m
sin (ω + φ)
1 + e cosφ
W, (20)
where R = n · δa, S = λ · δa, W = h · δa, and ω˙
could be obtained by ω˙ = $˙ − Ω˙ cos ι. The evolu-
tion of outer orbital elements could be obtained anal-
ogously by replacing all the elements in the inner or-
bit to the outer orbital ones, specifically, by repalcing
e→ E, p→ P,m→M,φ→ Φ, ι→ ι3, Ω→ Ω3, ω → ω3,
and R3 = N · δA, S3 = Λ · δA, W3 = H · δA.
The secular evolution of orbital elements are double
averaged as bellow
〈F〉 = 1
Tout
1
Tin
∫ Tout
0
∫ Tin
0
Fdtdt′, (21)
where F denote the all the elements in the left of Eq. (20),
Tin and Tout are the orbital periods. For convenience of
calculation, we change the integration on time to that
on the true anomaly φ and Φ, by dt =
√
p3/m(1 +
e cosφ)−2dφ and dt′ =
√
P 3/m3(1+E cos Φ)
−2dΦ. Thus
the average in Eq. (21) becomes
〈F〉 = 1
4pi2
(1− e2)3/2(1− E2)3/2
∫ 2pi
0
∫ 2pi
0
F
(1 + e cosφ)2(1 + E cos Φ)2
dφdΦ, (22)
The Newtonian quadrupole perturbing accelerations in
Eqs. (7) and (10) result to the Kozai-Lidov formula in the
most general form as follows [48],
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FIG. 1. Orbits and angles see from a fixed reference frame
where the Z axis is in the direction of spin
Quadrupole order
de
dτ
=
15piα3e
√
1− e2m3
16A3(1− E2)3/2m
[
sin2 ι3(cos 2ι+ 3) sin 2ω cos(2Ω− 2Ω3) + 4 sin2 ι3 cos ι cos 2ω sin(2Ω− 2Ω3)
− 4 sin 2ι3 sin ι cos 2ω sin(Ω− Ω3)− 2 sin 2ι sin 2ι3 sin 2ω cos(Ω− Ω3) + sin2 ι(3 cos 2ι3 + 1) sin 2ω
]
,
dι
dτ
=
3piα3m3
4A3√1− e2(1− E2)3/2m [sin ι sin ι3 cos(Ω− Ω3) + cos ι cos ι3]
(
sin ι3 sin(Ω− Ω3)(5e2 cos 2ω + 3e2 + 2)
+ 5e2 sin 2ω [sin ι3 cos ι cos(Ω− Ω3)− sin ι cos ι3]
)
,
dΩ
dτ
=
3piα3m3
4A3√1− e2(1− E2)3/2m [sin ι3 cos(Ω− Ω3) + cos ι3 cot ι]
(
5e2 sin ι3 sin 2ω sin(Ω− Ω3)
+ (5e2 cos 2ω − 3e2 − 2) [sin ι cos ι3 − sin ι3 cos ι cos(Ω− Ω3)]
)
,
d$
dτ
=
3piα3
√
1− e2m3
8A3(1− E2)3/2m
(
10 sin ι sin 2ι3 sin 2ω sin(Ω− Ω3)− 10 sin2 ι3 cos ι sin 2ω sin(2Ω− 2Ω3)
+ sin2 ι3 cos(2Ω− 2Ω3)
[
2 sin2 ι(4− 5 cos2 ω) + 20 cos2 ω − 10]
+ sin 2ι sin 2ι3 cos(Ω− Ω3)(3− 5 cos 2ω) + (3 cos 2ι3 + 1)
[
sin2 ι(5 cos2 ω − 4) + 1]),
dE
dτ
= 0,
6dι3
dτ
= − 3piα
7/2m1m2
√
M
4A7/2(1− E2)2m5/2
(
cos ι3
{
sin 2ι sin(Ω− Ω3)(−5e2 cos2 ω + 4e2 + 1)− 5e2 sin ι sin 2ω cos(Ω− Ω3)
}
+ sin ι3
{
sin(2Ω− 2Ω3)
[
sin2 ι(−5e2 cos2 ω + 4e2 + 1) + 10e2 cos2 ω − 5e2]+ 5e2 cos ι sin 2ω cos(2Ω− 2Ω3)}),
dΩ3
dτ
= −3piα
7/2m1m2
√
M csc ι3
8A7/2(1− E2)2m5/2
(
cos 2ι3
{
sin 2ι cos(Ω− Ω3)(5e2 cos 2ω − 3e2 − 2)− 10e2 sin ι sin 2ω sin(Ω− Ω3)
}
+ sin 2ι3
{
1
2
sin2 ι [cos(2Ω− 2Ω3) + 3] (5e2 cos 2ω − 3e2 − 2) + 5e2 cos ι sin 2ω sin(2Ω− 2Ω3)
− 5e2 cos 2ω cos(2Ω− 2Ω3) + 3e2 + 2
})
,
d$3
dτ
=
3piα7/2m1m2
√
M
16A7/2(1− E2)2m5/2
(
30e2 sin ι sin 2ι3 sin 2ω sin(Ω− Ω3)− 30e2 sin2 ι3 cos ι sin 2ω sin(2Ω− 2Ω3)
+ 3 sin2 ι3 cos(2Ω− 2Ω3)
[
sin2 ι(−5e2 cos 2ω + 3e2 + 2) + 10e2 cos 2ω]
+ 3 sin 2ι sin 2ι3 cos(Ω− Ω3)(−5e2 cos 2ω + 3e2 + 2) + (2− 3 sin2 ι3)
[
sin2 ι(15e2 cos 2ω − 9e2 − 6) + 6e2 + 4]),
(23)
where the time derivation d/dt is converted to a dimensionless one d/dτ by rescaling time compared to the inner
orbital period with τ ≡ t/Tin = t2pi
√
m
α3 .
If the outer orbital plane is nearly a constant, then the reference frame could be set approximately on the orbital
plane where Jout is depart from Z axis by a very small angle ι3 → 0. Then we could expand the expressions in
Eq. (23) by ι3 as
de
dτ
=
15pi
2
α3m3e(1− e2)1/2
A3m(1− E2)3/2 sin
2(ι+ ι3) sinω cosω +O(ι3) ,
dι
dτ
= −15pi
4
α3m3e
2
A3m(1− e2)1/2(1− E2)3/2 sin 2(ι+ ι3) sinω cosω +O(ι3) ,
dΩ
dτ
= −3pi
4
α3m3
A3m(1− e2)1/2(1− E2)3/2
sin 2(ι+ ι3)
sin ι
(1 + 4e2 − 5e2 cos2 ω) +O(ι3) ,
d$
dτ
=
3pi
2
α3m3(1− e2)1/2
A3m(1− E2)3/2
[
1− sin2(ι+ ι3)(4− 5 cos2 ω
)
] +O(ι3) ,
dE
dτ
= 0 ,
dι3
dτ
= −15pi
2
α7/2m1m2
√
Me2
A7/2m5/2(1− E2)2 sin(ι+ ι3) sinω cosω +O(ι3) ,
dΩ3
dτ
= −3pi
4
α7/2m1m2
√
M
A7/2m5/2(1− E2)2
sin 2(ι+ ι3)
sin ι3
(1 + 4e2 − 5e2 cos2 ω) +O(ι3) ,
d$3
dτ
=
3pi
4
α7/2m1m2
√
M
A7/2m5/2(1− E2)2 [2 + 3e
2 − 3 sin2(ι+ ι3)(1 + 4e2 − 5e2 cos2 ω)] +O(ι3) . (24)
Where we obtain the standard Kozai-Liodv formula (see e.g. [41, 55]) in the dominant terms of Eq. (24), and the
dependence on Ω−Ω3 is of order O(ι3) smaller than the dominant terms. This means when the outer orbital plane do
not change significantly, we could safely use the standard Kozai-Lidov formula to describe the Newtonian quadrupole
perturbations. While when the outer orbital plane changes moderately, the secular dynamics will depend on the angle
Ω− Ω3, and in this case we have to use the Kozai-Lidov formula in the generalized form (23).
The equations in (23) seems a bit more complex com-
pared to the standard Kozai-Lidov formula. But it is a
more general description of the Newtonian quadrupole
perturbation which could be extended to the case where
the outer orbital angular momentum is evolving. And
the generalized Kozai-Lidov formula in Eq. (23) will cer-
tainly degenerate to the standard Kozai-Lidov oscillation
dynamically with an approximately constant outer or-
bital plane, as it is guaranteed by the equations of mo-
tion. This degeneration happens in two situations. On
7the one hand, up to Newtonian order, the total orbital
angular momentum of the three body system is strictly
conserved. This conservation could simplify the formula
in Eq. (23) by the fact that the relation Ω−Ω3 = pi is pre-
cisely granted [55]. On the other hand, if the other orders
of perturbations do not change the outer orbital plane,
like the de-Sitter precession (as shows in the next part of
this section), the dynamics on Ω− Ω3 is decoupled with
the Newtonian quadrupole perturbations. An analogous
discussion also suits the other orders of Newtonian per-
turbations, like the octupole [59] and the hexadecapole
order perturbations [55].
The binary 1pN acceleration in Eqs. (8) and (11) in-
duce the typical relativity precession on the pericenter ω
(ω3) of the binary system by
dω
dτ
=
6pim
p
,
dω3
dτ
=
6piM
P
. (25)
In this paper, we derive the secular evolutions con-
tributed by the leading three body 1pN accelerations in
our system as presented in Eqs. (9) and (12), the results
are listed as bellow,
Leading three body 1pN effects
de
dt
=
dp
dt
= 0,
dι
dt
= − 3m
3/2
3
2A5/2(1− E2) sin ι3 sin (Ω− Ω3) ,
dΩ
dt
=
3m
3/2
3
2A5/2 (1− E2) [cos ι3 − sin ι3 cot ι cos (Ω− Ω3)] ,
dω
dt
=
3m
3/2
3
2A5/2(1− E2) sin ι3 csc ι cos (Ω− Ω3) ,
dE
dt
=
dP
dt
=
dι3
dt
=
dΩ3
dt
=
dω3
dt
= 0, (26)
when Jout depart from Z axis by a very small angle,
ι3 → 0, the non-vanishing equations above are expanded
as
dΩ
dt
=
3m
3/2
3
2A5/2 (1− E2) +O(ι3),
dι
dt
= O(ι3),
dω
dt
= O(ι3), (27)
the precession on ι and Ω in Eq. (26) gives the preces-
sion of Jin alone Jout in the de-Sitter precession with an
arbitrary direction of Jout. And the preceesion on Ω in
Eq. (27) gives the de-Sitter precession when Jout is fixed
and set in Z axis. In Eq. (26), there is an extra precession
on ω which seems weird compared to (27) superficially,
which turns out to be the precession of the Runge-Lenz
vector Q alone the direction of Jout as a part of de-Sitter
precession in the general reference frame. The angle ω is
not precessing in de-Sitter precession when seeing from
the outer orbital plane, while it is precessing (alone Jout)
from a general reference frame. And for an evolving outer
orbital plane, this “extra" precession on the inner orbital
pericenter ω is of the same order as the de-Sitter pre-
cession on ι and Ω, and the binary relativity precession
in Eq. (25) (under some parameter space), which is not
ignorable.
The secular dynamics from the spin effects of the
SMBH is resulted by accelerations in (14) and (15), which
are calculated in [48]. The non-vanishing results are,
spin effects at 1.5pN order
dι
dt
=
3am3
4A3(1− E2)3/2 sin 2ι3 sin(Ω− Ω3),
dΩ
dt
=− am3
4A3(1− E2)3/2
× [−3 sin 2ι3 cot ι cos(Ω− Ω3) + 3 cos 2ι3 + 1] ,
dω
dt
=− 3am3
4A3(1− E2)3/2 sin 2ι3 csc ι cos(Ω− Ω3),
dΩ3
dt
=
2am3
A3(1− E2)3/2 ,
dω3
dt
=− 6am3A3(1− E2)3/2 cos ι3, (28)
where the change of Ω3 in Eq. (28) is the Lense-Thirring
precession on the outer orbit. The inner orbit is not sim-
ply precessing around the spin axis, but it is precessing
in a rather complex way. Note that up to the orders con-
sidered in our full text, the outer orbital pericenter ω3 is
decoupled from the evolution of other orbital elements.
IV. NUMERICAL RESULTS
A. On the dynamical evolution
In this subsection, we display the numerical results of
our SMBH-BBH three body system. We begin with a
group of initial data with a BBH of mass m1 = 20M
and m2 = 20M, which are the typical mass detected
by LIGO/Virgo. The third body is a SMBH with m3 =
4×106M which is similar to the one in our galaxy center.
The inner binary is separated with semi-major axis α =
0.04 AU and has an initial eccentricity e = 0.1. They
are set to a distance of A = 30 AU to the SMBH with
an outer orbit eccentricity E = 0.1. The line of apsides
of the two orbits are set to X axis thus Ω = Ω3 = ω =
ω3 = 0, and the inclination angle between the two orbits
is simply ι− ι3 for convenience but not lose generality.
In Fig. 2, we display the numerical evolution of eccen-
tricity. In the red line, we have included all the dynam-
ical effects considered in this work, with the Newtonian
quadrupole effect (Kozai-Lidov) in Eq. (23), the binary
1pN precession in Eq. (25), the three body 1pN effects
in Eq. (26), the spin effects in Eq. (28), and rediaction
reaction [43]. The dashed blue line has the same initial
data with the red line except that it lacks the three body
1pN effects in Eq. (26). We could see in Fig. 2 these two
8lines are significantly different, which indicates the three
body 1pN effects (de-Sitter precession) is coupled in the
secular dynamics with the Lense-Thirring precession on
the outer orbit.
a=0.9m3 a=0.9m3, without 3b1pN
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0.0
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e
FIG. 2. The evolution of eccentricity in 100 years. The initial
conditions of the two lines are: ι3 = 60◦ and ι = 140◦, thus
the initial angle between Jin and Jout is ι− ι3 = 80◦, and the
SMBH has a spin parameter of a = 0.9m3. The red line has
included all the dynamical effects considered in this work,
while the dashed blue line only lacks the three body 1pN
effects (denoted as 3b1pN in the figure) in Eq. (26) compared
to the red line.
As a comparison, it is trivial to verify that the de-Sitter
precession decouples when the Lense-Thirring precession
disappears when a = 0 or initially ι3 = 0.
B. On the gravitational waves
The maximal eccentricity of the inner orbit excited by
the Kozai-Lidov oscillation is limited to the vertical inner
orbit angular momentum (which is proportional to Θ =√
1− e2h ·H) as [41, 60]:
emax =
√
1− 5
3
Θ2. (29)
Since the de-Sitter precession do not change the value of
Θ, here it changes only due to the spin of the SMBH, by
Θ′(t) =
3
√
1− e2(S×H) · h
2A3(1− E2)3/2 , (30)
where S is the spin angular momentum, h and H are the
unit direction of Jin and Jout respectively as discussed
before. And the peak frequency of GW is closely related
to eccentricity by fpeak =
√
m(1+e)−0.3046
pi[α(1−e)]3/2 [42]. We plot
the evolution of eccentricity near its maximal values in
the upper panel of Fig. 2, and the corresponding peak
frequency fpeak in the lower panel. It could be seen that
the maximal eccentricity is evolving at the Kozai-Lidov
timescale when the SMBH is spinning (the red line) while
it remains constant in the case without spin (the dashed
black line). Thus, the closest pericenter (1 − emax)α in
the neighboring Kozai-Lidov circles could be different by
several percent in this example. As a result, the difference
of the maximal values of fpeak in the neighboring Kozia-
Lidov circles could reach to nearly 0.001Hz as shows in
the lower panel.
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FIG. 3. Upper panel: zoom in of the evolution of eccentricity
near its maximal values. Lower panel: the peak frequency of
the GWs correspond to the eccentricity in the upper panel.
The red lines have the same line styles with that in Fig. 2,
while the dashed black line is only different from the red line
by the spin parameter of the SMBH with a = 0.
Interestingly, when the eccentricity of the BBH is ex-
cited to a relatively large number, the peak frequency of
GWs could locate in LISA band as can be seen in Fig. 3.
The different behaviors on the values of emax and/or fpeak
in different Kozai-Lidov cycles might be important char-
acteristics to prob the spin effects of SMBH. We have
discussed in the work [49] that the GW singles from the
BBH could be potentially used to probe the spin of the
SMBH. Here, we step this topic a little further by stating
the unique characteristics due to the spin effects on the
GWs.
V. CONCLUSION
In this work, we solve the secular evolution of the three
body system which composing a BBH and a spinning
SMBH up to 1.5pN at the leading order. The spin effects
from the SMBH will modulate the Kozai-Lidov effects
by causing the Lense-Thirring precession on the outer
orbit and an extra precession on the inner orbit as was
found in our previous work [48]. In this work, we study
the coupling of the three body 1pN effects with the spin
effects from the SMBH, by resolving the Einstein-Infeld-
Hoffmann equations of motion. We conduct the double
average of the Lagrange planetary equations to get the
secular evolutionary equations with the help of Mathe-
matica software.
The three body 1pN effects lead to the de-Sitter pre-
cession on the inner orbit is decoupled in the secular
dynamics with a constant outer orbital plane. While
in our triple system, the spin effects from the SMBH
will cause the outer orbital plane to precession (Lense-
Thirring precession), thus the Kozai-Lidov formula has to
be extended to the generalized form [48] which depends
9on the the angle between the two lines of nodes Ω− Ω3.
Therefore, the de-Sitter precession will be coupled in the
secular dynamics by causing both the precession of the in-
ner orbit angular momentum and the Runge-Lenz vector
around the outer orbit angular momentum in a general
reference frame where the Z axis is not set to the outer
orbit angular momentum. Our general argument on the
coupling of the three body 1pN effects could be extended
to any situation where the outer orbital plane is evolving
due to other mechanisms, such as a non-spherical gravi-
tational potential [61, 62].
We also point out that the maximal eccentricity ex-
cited by the Kozai-Lidov oscillation is evolving at the
Kozai-Lidov timescale due to the change of the vertical
inner orbit angular momentum, which is only caused by
the spin effects from the SMBH in our context. As a re-
sult, the maximal peak frequency of the GWs emitted by
the BBH is different in the neighboring Kozai-Lidov cir-
cles. Interestingly, when the maximal eccentricity of the
BBH is excited to a relatively large number under some
space of parameters, the peak frequency of gravitational
wave could locate in LISA band. In our numerical ex-
ample, the peak frequency of GW locates in LISA band,
and the difference of the maximal peak frequency in the
neighboring Kozai-Lidov circles could reach to a value
of nearly 0.001Hz. It indicates the characteristics in the
GW singles from the BBH could be potentially be used
to probe the existence of BBH near a spinning SMBH, or
could be potentially used to prob the spin of the SMBH
as is discussed in [49]. The details about the detectable
space of parameters and methods are left to future works.
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